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A general formula describing the relaxation by double-quantum transitions in a three-level electronic spin
system is given. The results are interpreted in terms of a parameter «=0,/6p, of contact between the
excited spin energy level at temperature 6, and the phonon spectrum of Debye temperature ©p. The usual
Raman and Orbach processes for Kramers and non-Kramers salts are derived.

1. INTRODUCTION

SUAL double-quantum paramagnetic spin-lattice
relaxation is described as a function of the absolute
temperature 7, by a Raman T;« 77 law for a non-
Kramers salt, by a T« 779 law for a Kramers salt, and
also by an Orbach exponential law 7 «exp(A./kT),
where A, is the energy of the excited |¢) level.
We remind the reader that the rate equations for a
three-energy-level spin system |a), |b), and |c) as
shown as in Fig. 1 lead to the equation

d(%a—%b)/dtZ 2pbanb—— Zpabna
+ (Pca_Pcb)nc'i-pbcnb“Pacna )

where #; is the instantaneous population value of level
|7) and p,; is the relaxation transition probability
between levels |7) and | 7).

In the general case, where 8,,;KkT <A, and psc~ Pac,
one obtains!

d(na—mny)/di= pyo(np—n,),

so that the spin-lattice relaxation time for this special
three-level system reduces to 1~ pye.

Orbach? considers one-phonon direct processes for
transitions with level |¢), so that

wpe® A, 8 A,
S
exp(fwse/kT) —1 3 kT
Only A, energy phonons occur in this calculation and it
seems that an important part of the phonon spectrum
is neglected. In Sec. 2, we undertake the calculation

of the spin-lattice relaxation time 77, taking the whole
phonon spectrum into account.
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2. DOUBLE-QUANTUM TRANSITIONS IN A
THREE-LEVEL SYSTEM

The number of phonons of angular frequency w in
the sample at absolute temperature 7" is proportional to
w?/[exp (hw/kT)—17].

Among the two-phonon processes induced by the
second-order Vqye* term of the crystalline potential
expansion, we now consider not only the Raman
process, that is the absorption of a phonon w; and the
emission of a phonon w, such as w;—ws=A,/%, but also
the absorption or emission of two phonons w; and
we<A./h such as witwe= A /.

_________________ k6,
le> A,

________________ kT
/b> Sab
la>

Fi1c. 1. Three-level spin system: 8,3KkT <A..

The phonons w; and w, having occupation numbers
N; and N,, respectively, we have to consider for an
absorption w;+ws=A./%, matrix elements such as
[{c, Ni—1, No—1|Vse?|b, N1, No>|2 If p is the
crystal density and v the phonon velocity, one obtains
a probability equal to

w13(Ac/h —‘(1.)1)3

8ardp2yl0

Aelt
Jw
/o Lexp(fiwr/kT) —1]{exp[(As—fuwr) /T ]—1}

1.

If now a phonon w;>A,/% is absorbed and the phonon w; emitted, the matrix element becomes |{c, N1—1,
Na+1|Vye?|b, N1, N2) |2 so that if the Debye frequency is @ such as A, /% <w; <, the rate for this process is equal to

9

exp[ (hwi—A.)/kT]

Q Ac 3
\<blV2|C>l2/ w13(w1—-— ~) dwl.
8mwip2t0 aosii Lexp(hw1/kT) —1]){exp[ (hw1—A.)/RT]—1} /3

1 C. B. P. Finn, R. Orbach, and W. P. Wolf, Proc. Phys. Soc. (London) 77, 261 (1961).

2 R. Orbach, Proc. Roy. Soc. (London) A264, 458 (1961).
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Taking account of the two double-quantum processes, one finally finds that

expl (hw1—A.)/kT]

—_—~

9 Q
l<blelc>\2f

T, 8rip2y10
Let

fwi/kT=x, 0<x<hQ/kT=0Op/T, and A,=kO,;

the integral in (1) can then be written

Op ET\?
]7<__> =e—®c/T(___>
T h

8p/T  eox3(x—0,/T)3
Jl
0 (

x.
ev—1)(e0e/T—1)

)

So, one sees that an Orbach exponential term is multi-
plied by a Raman 77 relaxation expression. Finding
the domain of validity of each law requires the calcu-
lation of the integral in (2). We therefore define a
parameter a=x./xp=0,/0p of contact between the
spin system characterized by x,= @./7 and the phonon
spectrum characterized by xp=0p/T".
The preceding integral proportional to

*pe~**p %%} (x—axp)?
I7(xp) =f dx
o xp’ (e8—1)(e¥**p—1)

14 |=log, 1y [65/7)
I- Exponential Law R
21 T oc exp (Ae/kT)
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F16. 2. Plot of log104 T as a function of ®p/T,
for non-Kramers salts.

A
u.)13 w1p— — dwl- 1)
Lexp(hwi/kT)—1]{ exp[ (hor—A.)/RT]—1} ( h> (

1 as a function of

thus gives the variation law of 71~
temperature.

The results obtained for different values of the param-
eter @ (0L @< 1) are given in Figs. 2 and 3. The integral
is calculated as a function of xp, xp varying from 0 to
40. Figure 2 shows the variations of logy04 71, where 4 is
an arbitrary constant, as a function of ®p/T'; Fig. 3
shows the same variations as a function of log1o(®p/T).
The vertical marks on both series of curves give the
lower limits of pure exponential laws.

In both figures the dashed line separates the x-y
plane into the following two regions: the upper one
noted (I) corresponding to a true exponential variation
of T, and the lower one noted (IT) corresponding to a
rather power variational law of T; with slopes of the
order of 5-9.

For a=0, one finds the classical relaxation integral,
giving the Raman 77 law, which has been studied
elsewhere!®4; (1) then reduces to

1
().
Tl a=0

- o () ()

In the more general case, that is, for 50, (1) can
be written

1 9 \ kOp\7 our
<E>a=pa= 87r3pzvmi<b1V2[C>l (7~> R

where K= I7¢**p with the particular value K;=17.17
X 1073 for a=1.

To evaluate the importance of this additional con-
tribution to 1/77, it is necessary to estimate the magni-
tude of the two-phonon contributions of probability p,
as compared to the one-phonon contributions of
probability po. The corresponding one-phonon relax-
ation process will be described by the usual expression?

1 3
— =po= —|{B| Vi|c)|2A3e Al FT
T Po ZTvaMK | Vile)|
Then
Pa 3kt \(blelv>l2K Op*

o = e SRR APIE 1 o

With the approximate following values p=2X10°kg/m?,

p=2X10® m/sec, k=1.4X10"% J/deg, and #=10"3

3]. H. Van Vleck, Phys. Rev. 57, 426 (1940).
4 R. Le Naour, Compt. Rend. B266, 1125 (1968).
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] sec, one finds that
Pa K [(b]Vzalc)|? Opt
po 2X10" | (B[ Vilo)|? o

In general, the double-quantum process should be more
important at the highest of temperatures. It over-
crosses the one-phonon contribution for lower « values.
We calculate p./po for two typical Debye temperatures.
For ©p~60°K,5 (8| Vi|c)~21 cm™ and a=0.5, po> po
for T>5°K. For @p~750°K,® (| V1| c)~105 cm~! and
a=0.2, po> po for T>150°K.

It is interesting to investigate what happens at the
limiting value ©p>>>0,, that is, « — 0. From the general
expressions of p,—9 and po, one finds that

pamo  3XT32%* | (0| V216>\2_' 4( T >7e@c,qv,

po . 1] Vile)|? o,

so that with the same preceding values to which we add
those of ®,~300°K and (5| Vi|c)~(b|V3|c), this re-
duces to

Pa=0/Pﬁ3X 10*8@64960*765% .

The double-quantum term will then be more important
at the very lowest and highest of temperatures; this
corresponds here to 7'<30°K and 7> 80°K.

Of course, at still lower temperatures the relaxation
between levels |a) and |b) will be described by the
direct process

1

— =pg= Vi|b)|2A:% T,
e CLALILY
so that

Pa 8mpv® 4* [{a| V1|D)|*

baco 3XT32 kS |(B] Va|c)|?
With the additional values (a|Vi|d)~Ay~1 cm™

6

IN A THREE-LEVEL SYSTEM 2009
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F16. 3. Plot of log104 T as a function of log10®n/7,
for non-Kramers salts.
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and (b|V3|c)~100 cm™, one finds that the direct one-
phonon process will be dominant for 7<4°K.

The preceding results have been obtained by consider-
ing a two-phonon relaxation process induced by the
second-order Vse? term of the crystalline potential
expansion.

If Vie is the first-order term of the same potential
expansion, double-quantum transitions can be intro-
duced by second-order time-dependent perturbation
theory, and so involves Vie taken twice. Matrix ele-
ments are then written

<C, 17\'71"- 1, 1\’72—1 | V1/8, l t, 1\71—‘ 1, 1Vz><t, N1— 1, IVz] Vlel b, 1V1, Nz>

b

¢ —(A¢—hwr)

where |¢) is an intermediate state at energy A, above
the fundamental level |a).

An absorption w;+ws=A./% is described by the
probability

2r  h? Aclt
o 4AM %t /0

GAUNALD
t th—At

5 P. L. Scott and C. D. Jeffries, Phys. Rev. 127, 32 (1962).

6 J. G. Castle, D. W. Feldman, and P. G. Klemens, Advances
in Quantum Electronics (Columbia University Press, New York,
1961), p. 414.

P10 Va1
t hwl—A,

2
g(w2)
1 71,\72 Wi h g(wl) dwl,

where M is the crystal’s mass, g(w) the density function
of phonon modes, and #ws— A= A;—Fwi— A,

If now the phonon w;>A,/% is absorbed, and the
phonon w, emitted, the rate becomes

2r  h? /9
/] 4M27J4 Ac/t

{c| Vll_ixl [Vi|b)

Ve nevile)
¢ hwl—At

o g(w2)
N1i(No+1)wnws p g(wr) dwr,

(2

t -—ho)2—A;

where —7iwy— Ay= A;—Fhw,— A,
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Fic. 4. Plot of log104 T as a function of ©p/T,
for Kramers salts.

Taking account of the two double-quantum processes,
we find that

9 Q
8mip2yl0 /;

| Vil vy b)
¢ Ac—han—A;

(e[ Vi |){t| V1] b)
t hwl—At

Pbc=

2

expl (fwr—A.)/kT]
[exp(fwy/kT)—11{ exp[ (w1 —A.)/kT]—1}

A2
Xw13(w1— —h—> dwi. (3)

In the case %w;<<A,, one obtains for non-Kramers salts
the same temperature dependence as given by Eq. (1).

For Kramers salts, however, levels [5), |¢), and |¢)
are time-reversed doublets so that important symmetry
properties? of matrix elements such as (3¢|Vi/|3t)
(3t| V1| 3b) must be considered.

Finally, for #w;<A,, which is the case if kOp<A,,
one finds by a development of the integrand, a relaxa-
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tion rate proportional to

a exp[ (hw1—A.)/kT ]
o Lexp(fior/kT) —1{exp[ (fwr—A.)/kT]—1}

A
Xw15<w1— —> dw1.
/]

With our preceding notations, this expression can be
written

®p kT\?®
J9<_—)= _8£/T<__>
T 3
OpIT  gox5(x—@,/T)?
X/ dux .
o Do)

4)

Figures 4 and 5 show the variations, for 0<a<1, of
the integral

*p e~ e"xd(x—axp)?
Ig(xp) = dx y
o xp° (e—1)(e*~**p—1)

which gives the Ty relaxation law as a function of
temperature.

For ¢=0, one finds the usual Raman relaxation in-
tegral* showing a 7' dependence for Kramers salts.

15" log, 1y (6,/7)

13 |
I - Exponential Law

77 oc exp (A JkT)

" |-
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F16. 5. Plot of log104 T as a function of log10®n/T,
for Kramers salts.
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For a0, a Raman process is in competition with the
Orbach exponential process. As before, in Figs. 4 and 5,
the vertical marks give the lower limits of pure expo-
nential laws.

In the case of rare-earth ethylsulphates (@p~60°K),
for measurements between 1.5 and 4°K, the interesting
region of our curves is in the 15<@p/7'<40 range. For
a paramagnetic ion in MgO (®p~820°), the transitional
temperature between the two processes is, for a=0.5,
about 40°K.

3. CONCLUSION

The study of double-quantum spin-lattice relaxation
in a particular three-level system, leads to a relaxation

2011

law of the form

®p T \"
Tii~ Kfn(—) = Ke_"eD/T<——~>
T Op

On/T eryn—4(3—a®p/T)?
< ;
0

X
(em_l)(ex—aQDIT___ 1)

)

where K is a constant, #="7 for non-Kramers salts, or
n=9 for Kramers salts, and where the parameter
a=0,/0p describes the contact between the studied
three-level system and the phonon spectrum character-
ized by its Debye temperature.

Calculations show that the ordinary Raman and
Orbach processes are derived as particular cases.
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The stopping power of matter for deuterons at extreme relativistic energies (52000 GeV) has been
calculated. The structure of this particle and its spin are taken into account explicitly. It is found that the
ultrarelativistic effects reduce the stopping power (as predicted by the relativistic formula) by 8% at the
highest energies considered. These effects are analyzed numerically and compared with the estimated density
correction. A stopping-power table for deuterons in aluminum is computed.

HE stopping power of matter for protons and

muons (spin %) at extreme relativistic energies
was calculated! by taking into account the particles’s
spin, anomalous magnetic moment, and distributions of
charge and magnetic moment (particle form factors).
In this paper we extend this work to include the deu-
teron (spin 1).

The differential cross section for scattering of an elec-
tron (charge—e, rest mass m, and velocity v) at an angle
6 from a spinless point particle (charge ze and rest mass
M), initially at rest, is?

do ze? \? cos?(30) 2ym -1
<—> =( ) ———-—(1-{— sin,%o) , (D
dQ/o \2ymw?/ sint(36) Mg

where vy = (1—82)~"2, 8=1/c¢ being the speed of the elec-
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torate of Radiation Protection, Bhabha Atomic Research Centre,
Trombay, Bombay-74, India.

t Present address: Health Physics Group, CERN, Geneva,
Switzerland.
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tron in terms of the speed of light ¢. Gourdin® derived
an expression for the scattering of electrons from deu-
terons by using a nonrelativistic wave function for the
deuteron. We writet5

do <d0> \:GEd2(qz) 1 872 God*(¢%)
i \d/,

/L 147 9 14r

2
+—32GMd2(g2)( 42 tan2%0>:|, @)

147

where %q is the magnitude of the change in the elec-
tron’s (=deuteron’s) energy-momentum four-vector;
T=h%q%/4M 22c*, M 4 being the mass of the deuteron; and

3 M. Gourdin, Nuovo Cimento 28, 533 (1963). Also see Diffusion
des Electrons de Haute Energie, (Masson Cie, Paris, 1966).
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